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Li’s Fourier factorization rules [J. Opt. Soc. Am. A 13, 1870 (1996)] should be applied to achieve a fast convergence
rate in the analysis of diffraction gratings with the Fourier modal method. I show, however, that Li’s inverse rule
cannot be applied for periodic patterns of graphene when the conventional boundary condition is used. I derive an
approximate boundary condition in which a nonzero but sufficiently small height is assumed for the boundary. The
proposed boundary condition enables us to apply the inverse rule, leading to a significantly improved convergence
rate. A periodic array of graphene ribbons is in fact a special type of finite-conductivity strip grating, and thus
the proposed approach is also applicable to these kinds of structures. © 2013 Optical Society of America
OCIS codes: (050.1755) Computational electromagnetic methods; (050.1950) Diffraction gratings; (250.5403)

Plasmonics.
http://dx.doi.org/10.1364/OL.38.003009

Graphene—a two-dimensional (2D) layer of carbon
atoms arranged in a honeycomb lattice [1]—has already
demonstrated unique mechanical, electric, magnetic, and
thermal properties that are generating tremendous inter-
est [2]. The graphene sheet also has unique optical prop-
erties, including high quantum efficiency for light-matter
interaction, strong optical nonlinearity, and controllable
plasmonic properties. These properties make graphene a
platform for many applications, such as transformation
optics [3], optical modulators [4], transparent electrodes
[5], and plasmon waveguiding [6].
Recently, strong optical absorption has been demon-

strated in periodic arrays of graphene ribbons [7], which
can be used in some interesting applications; for exam-
ple, ultrathin voltage-controllable Terahertz absorbers
[8] and plasmonic sensors [9]. The structure is in fact
a diffraction grating, and it can be analyzed by many
available well-developed methods [10–14]. It can also
be regarded as a strip grating; strip gratings have been
extensively studied in the past half-century and several
methods have been developed for their analysis [15–20].
Among these methods, the Fourier modal method

(FMM) is probably the most popular one because of
its simplicity and efficiency. However, it suffers poor
convergence in TM polarization unless correct Fourier
factorization is applied [21].
Graphene ribbons can be modeled with a surface con-

ductivity, and thus the following boundary conditions
should be applied in the boundary between the two re-
gions where the graphene ribbons are deposited [22]:

n × �E1 − E2� � 0; (1)

n × �H1 −H2� � σs�x�Et; (2)

where E1, E2, H1, and H2 are electric and magnetic fields
in the first and second regions, respectively, Et is the
tangential electric field, n is a unit vector normal to
the second region, and σs�x� is the surface conductivity.
σs�x� is a periodic function that is equal to the surface
conductivity of graphene, where graphene ribbons exist
and zero otherwise.

As it will be shown, in TM polarization the inverse rule
should be applied for Fourier factorization of σs�x�Et.
Hence, Fourier expansion of (σs�x��−1 [which is infinite
when σs�x� is zero] is required. Therefore, applying the
inverse rule to Eq. (2) is impossible and Laurent’s rule
has to be applied [21], which results in poor convergence
as noted by Nikitin et al. [7].

In this Letter, an approximate boundary condition is
proposed to which the inverse rule is applicable. The
boundary condition is derived by applying Ampère’s
law in a rectangular closed loop with finite but suffi-
ciently small height, in contrast with Eq. (2), which
has been obtained by assuming infinitely small height
for the loop [22].

Figure 1 shows the structure under study: a periodic
array of graphene ribbons with period L. Graphene rib-
bons, depicted by dashed lines, are infinitely long in y
direction and their width is w. The structure is illumi-
nated by a TM polarized (magnetic field along the y di-
rection) plane wave (having vacuum wavelength λ)
whose incident angle is θ. The dielectric permittivities
of the upper and lower mediums are ε1 and ε2, respec-
tively. The graphene ribbons are modeled using a surface
conductivity σs, computed within the random-phase
approximation [23]:

Fig. 1. Geometry of the studied structure: a periodic array of
graphene ribbons of width w and period L, illuminated with a
TM polarized plane wave. The array is placed between two
dielectric half-spaces with permittivities ε1 and ε2.
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where e is the electron charge, EF is the Fermi energy,
ℏ is the Planck constant, ω is the frequency, H is the
Heaviside step function [24], and τ is the relaxation time.
The time dependence of eiωt is assumed here.
It is quite well known that the electromagnetic fields

in the homogenous regions can be expressed by the
following Rayleigh expansion:

Hjy �
X
n

�ajne−ikjznz � bjneikjznz�e−ikxnx; (4)

Ejx �
X
n

kjzn
ωεj

�ajne−ikjznz − bjneikjznz�e−ikxnx; (5)

for j � 1, 2 (representing regions 1 or 2). In these expres-
sions ajn and bjn are the amplitudes of downward and
upward modes, respectively, and

kxn � k0n1 sin θ −
2π
L
n; (6)

kjzn �
����������������������
k20n

2
j − k2xn

q
; (7)

where nj is the refractive index of the region j and
k0 � 2π∕λ is the vacuum wave number. The z component
of the wave vector kjzn is either negative real (propagat-
ing wave) or positive imaginary (evanescent wave).
Using the Fourier expansion of surface conductivity at

z � 0, σs�x�,

σs�x� �
�
σs 0 < x < w

0 w < x < L
�

X
n

σnei
2π
L nx; (8)

and substituting Eqs. (4) and (5) in the boundary condi-
tions, Eqs. (1) and (2), the following relations are
obtained:

k1zn
ωε1

�a1n − b1n� −
k2zn
ωε2

�a2n − b2n� � 0; (9)

�a1n � b1n� − �a2n � b2n� �
X
m

σn−m
k2zm
ωε2

�a2m − b2m�:

(10)

It should be emphasized that correct Fourier factoriza-
tion is not (and cannot be) applied here, because σs�x� is
zero for w < x < L.
The above equations can be expressed in a compact

matrix form:

�
η1 −η1
I I

��
a1
b1

�
�

�
η2 −η2

I � η2��σ�� I − η2��σ��
��

a2
b2

�
; (11)

where I is the unit matrix, ηj is a diagonal matrix whose
(n, n) element is kjzn∕ωεj , and [[σ]] denotes the Toeplitz
matrix with (n, m) entry σn−m. aj and bj are column vec-
tors whose elements are ajn and bjn, respectively.

Although there is no instability problem for Eq. (11), it
is useful to present S-matrix formulation [25] for this
equation, because for multilayer structures the T-matrix
formulation is unstable:

�
η2 η1

−I − η2��σ�� I

��
a2
b1

�
�

�
η1 η2
−I I − η2��σ��

��
a1
b2

�
: (12)

In the grating problem shown in Fig. 1 there is no up-
ward wave in region 2, so b2 � 0 and the only nonzero
element of a1 is a10 � 1. Therefore, a2 and b1, which
are representing transmission and reflection coefficients
of diffracted orders, respectively, are directly calculated
from Eq. (12). The diffraction efficiencies are then
given as

DE1n � Re
�
k1zn
k1z0

�
jb1nj2; (13)

DE2n � Re
�
ε1k2zn
ε2k1z0

�
ja2nj2: (14)

Equations (9) and (10) are exact when n runs from −∞
to ∞; however, they have to be truncated in computer
calculations so n runs from −N to N where N stands
for the truncation order. Unfortunately, these equations
have a poor convergence rate because Laurent’s rule [21]
is used for the product of two discontinuous functions,
σs�x� and Ex�x; z � 0�, whose product σsEx is continu-
ous. A simple proof for this statement is given here: it
is obvious that σsEx � 0 in the gaps between the ribbons,
so it must be shown that σsEx is zero at the edges of the
ribbons. Consider the edge of a ribbon at x � w; from
Eq. (2) we have H1y�x � w�; z � 0−� � H2y�x � w�;
z � 0��, and applying the continuity of the magnetic field
at x � w yields H1y�x � w�; z � 0−� � H1y�x � w−; z �
0−� and H2y�x � w�; z � 0−� � H2y�x � w−; z � 0��.
Combining these equations leads to H1y�x � w−1;
z � 0−1� � H2y�x � w−; z � 0��), which means, accord-
ing to Eq. (2), σsEx�x � w−; z � 0� � 0.

Therefore, applying Laurent’s rule deteriorates the
convergence rate; on the other hand, as mentioned
before, the inverse rule is not applicable here. I propose
another boundary condition instead of Eq. (2) to solve
this dilemma. To this end, I apply Ampère’s law to the
closed rectangular loop shown in Fig. 2:

�H1y�x; z � −h∕2� −H2y�x; z � h∕2��l

�
Z

h∕2

−h∕2

Z
l

0
�σs�x�δ�z� � iωε�Ex�x; z�dydz; (15)
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where l and h are the length and height of the loop,
respectively. δ�z� is Dirac’s delta function. Ex can be ap-
proximately assumed z independent for small enough h,
and thus the following equation is obtained:

H1y�x; z � −h∕2� −H2y�x; z � h∕2�
� σeffs �x�Ex�x; z � 0�; (16)

where σeffs �x� � σs�x� � iω~εh is effective surface conduc-
tivity and ~ε � �ε1 � ε2�∕2.
This new effective surface conductivity is nonzero

everywhere, so Eq. (16) can be easily expressed in
Fourier space with correct Fourier factorization:

a1neik1znh∕2 � b1ne−ik1znh∕2 − a2ne−ik2znh∕2 − b2neik2znh∕2

�
X
m

��1∕σeff ��−1nm
k2zm
ωε2

�a2m − b2m�: (17)

Now one should solve Eqs. (9) and (17) or the follow-
ing S-matrix formulation:

�
η2 η1

−α−12 − η2��1∕σeff ��−1 α−11

��
a2
b1

�

�
�

η1 η2

−α1 α2 − η2��1∕σeff ��−1
��

a1
b2

�
; (18)

where αj is a diagonal matrix whose (n, n) element
is eikjznh∕2.
It should be emphasized that the convergence of

Eq. (18) is closely related to h; the larger the h, the better
the convergence rate. On the other hand, Eq. (16) is more
accurate for smaller h. h should be small compared to the
wavelength and the smallest feature size (minimum of w
and L −w). Numerical examples show that accurate
enough results are achievable by choosing h < λ∕60
and h < w∕20 (assuming w < L∕2).
Let us verify the validity of the proposed formulation

through a numerical example. Consider an array of gra-
phene ribbons whose period is L � 8 μm and the ribbons’
width is w � L∕2. The other parameters are ε1 � 3ε0,
ε2 � 4ε0,τ � 0.25 ps, and EF � 0.6 eV. In Fig. 3, the ab-
sorption of the structure is plotted versus wavelength.
The results obtained by solving Eq. (12), in which the
truncation order is fixed at N � 300 (solid line), are com-
pared against those extracted from Fig. 2 of [7] (circles).
The absorption is also calculated by solving Eq. (18)
(N � 50) for h � w∕20 (dashed line) and h � w∕10 (dot-
ted line). Moreover, the result of the proposed approach

is compared against a different model (dots) in which
the graphene is modeled by a medium of nonzero thick-
ness Δ � 0.5 nm, and an equivalent permittivity εeff �
ε0 − iσs∕ωΔ [3]. FMM with adaptive spatial resolution
is used here for the analysis of this diffraction grating
problem [26,27].

The relative error in calculating the absorption of the
structure at λ � 80 μm, in terms of truncation order, is
plotted in Fig. 4. The error is calculated by assuming
the converged results (N � 200) as the reference value.
The convergence rate of Eqs. (12) (solid line) and (18)
with h � w∕20 (dashed line) and h � w∕200 (dotted line)
is illustrated in this figure. For the sake of comparison,
the convergence rate of FMM [21] for the nonzero-
thickness (Δ � 0.5 nm) model is also plotted (dashed-
dotted line). It is worth mentioning that the convergence
rate of FMM for the nonzero-thickness model is as poor

Fig. 2. Rectangular closed loop of length l and height h, used
for the deriving boundary condition.
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Fig. 3. Absorption versus wavelength for a periodic array of
graphene ribbons whose parameters in accordance with Fig. 1
are L � 8 μm, w � L∕2, ε1 � 3ε0, and ε2 � 4ε0. Relaxation
time and Fermi energy for graphene are τ � 0.25 ps and
EF � 0.6 eV, respectively. The results are obtained by using
Eq. (12) (solid line), Eq. (18) with h � w∕20 (dashed line)
and h � w∕10 (dotted line), and the nonzero-thickness model
(dots). The results extracted from Fig. 2 of [7] (circles) are also
depicted.
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Fig. 4. Relative error, in the calculation of absorption, in terms
of truncation order (N) using Eq. (12) (solid line), Eq. (18) with
h � w∕20 (dashed line) and h � w∕20 (dotted line), and the
nonzero-thickness model (dashed-dotted line). The structure
is the same as Fig. 3 and the wavelength is λ � 80 μm.
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as that of Eq. (18) with h � 0.5 nm; in addition, in the
nonzero-thickness model, an eigenvalue problem has
to be solved, so it is numerically less efficient.
In summary, it has been demonstrated that the inverse

rule is not applicable to the conventional boundary
condition in the analysis of periodic structures made
of graphene. I proposed an approximate boundary con-
dition by assuming nonzero height for the boundary, and
I show the inverse rule is applicable to this boundary
condition. The new formulation has a remarkably faster
convergence rate. The proposed boundary condition can
be used in the FMM analysis [28] of other structures with
2D periodically patterned graphene [24].
The reader may check the results of this Letter by

using the free codes available at [29].
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