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Circuit Model in Design of THz Transparent
Electrodes Based on Two-Dimensional
Arrays of Metallic Square Holes

Ghazaleh Kafaie Shirmanesh, Elahe Yarmoghaddam, Amin Khavasi, and Khashayar Mehrany

Abstract—In this paper, we propose a circuit model for two-di-
mensional arrays of metallic square holes located on a homoge-
neous substrate, in order to propose a new scheme containing this
type of metamaterials to obtain transparent electrodes with simul-
taneous terahertz transparency and low electrical resistance. The
results of the introduced circuit model, which is a fully analytical
model with explicit expressions, are in almost complete agreement
with the full-wave simulations. Thanks to this analytical model,
we can employ standard binomial matching transformer in order
to minimize the reflected power from the structure at a desired
frequency. Furthermore, taking advantage of this model, we de-
sign an optimized tri-layer structure by seeking for a high optical
transmittance at the desired frequency and over a wide bandwidth.
The obtained transparent electrode has a high power transmission
(more than 85%) within a wide frequency range (48% of the cen-
tral frequency) which is desirable in commonly used transparent
electrodes. The square holes are perforated in thick metallic slabs
which drastically reduce the electrical resistance of the structure.

Index Terms—Circuit model, metamaterial, transparent con-
ductive electrodes (TCEs).

I. INTRODUCTION

RANSPARENT conducting electrodes (TCEs) with si-

multaneous high optical transmission and low electrical
resistivity are required in many optoelectronic and electrooptic
applications such as touch panels, photovoltaic cells, smart win-
dows, LEDs, and LCDs [1]. Nowadays, the most commonly
used material for TCEs is indium—tin—oxide (ITO) [2]. Although
it shows satisfying electrical and optical properties, ITO comes
with some inherent limitations. The brittle nature of ITO leads
to failure of this class of electrodes to be used in flexible ap-
plications such as electronic papers or flexible screens [3]. In
addition, the scarcity and continuous increase in the price of in-
dium, which is the main component of ITO, its susceptibility
to ion diffusion into organic layers, and its relatively low trans-
mittance in the blue region is of great concern for an eventual
implementation in the everyday devices [4], [5], and [6]. The
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most important limitation of ITO is an inherent tradeoff be-
tween the optical properties and the electrical ones [7]. Thick
ITO films offer lower sheet resistance, but this comes at the
expense of lower optical transmittance and vice versa [8], [9].
In recent research efforts, carbon nanotube networks [10] and
unpatterned thin metal films [11] have been evaluated as po-
tential replacements for the conventional ITO electrodes. How-
ever, these TCEs still suffer from the classic tradeoff between
the optical transmittance and electrical conductivity [12]. An
increase in the thickness of the film results in a lower electrical
sheet resistance due to the increase in the number of charge car-
riers, which improves the electrical performance. On the other
hand, it increases the amount of light absorbed inside the film
and lowers the optical transmittance, which degrades the optical
performance. Recently, graphene, the one-atom-thick two-di-
mensional (2-D) allotrope of carbon [13], is attracting scientific
attentions to be used as transparent electrode [14]. Neverthe-
less, there is also a tradeoff between the optical transmission of
graphene and its achievable electrical conductivity [15]. In the
THz regime, the transmittance of the conventional transparent
electrodes drops even further and the aforementioned tradeoff
between the transmittance and the electrical resistance of the
electrodes becomes severe [16].

Recently, the need for simultaneous high transparency and
good electrical conductivity is addressed by using micro-struc-
tured metallic meshes, i.e., by a geometrical transformation of
the metal film [17]. In this manner, acceptable level of trans-
parency can be reached even at THz frequencies. In the men-
tioned scheme, a composite layer consisting of two differently
shaped metallic meshes filled with silica, and a silica layer as
a spacer between them is placed on top of a semi-infinite Si
substrate. The obtained structure makes a continuous plasmonic
metal film, on top of a semi-infinite substrate, transparent at cer-
tain frequency windows over narrow bandwidths (7.5% of cen-
tral frequency for power transmission of more than 85%). The
in-plane conductivity of this scheme, however, is limited be-
cause the thickness of the holes is very small (~ 200 nm).

Here, we propose a new metamaterial-based TCE with sig-
nificantly improved bandwidth (48% of the central frequency).
Moreover, the proposed metallic structure used for our TCE is
very thick (10 zm) leading to excellent in-plane conductivity.

We can achieve the desired electrode with high optical
transparency by employing a micro-structured 2-D arrays of
square holes, while guaranteeing the electrode’s high electrical
conductivity by perforating the mentioned holes in thick metal
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slabs. In order to efficiently design the structure, we propose
a fully analytical circuit model in the subwavelength regime
characterized by explicit expressions for the mentioned array
of square holes placed on a homogeneous substrate. In the
proposed circuit model, the bulk of the hole array is replaced
by a transmission line, and a surface admittance is used to
model the interface between the 2-D metallic array and an
arbitrary homogeneous medium. The admittance and the prop-
agation constant of the bulk are obtained by considering the
fundamental eigenmode of the electromagnetic wave inside the
metallic holes, and the surface admittances are obtained by ap-
plying the mode matching technique, in which the fundamental
mode inside the holes is only considered, at the boundaries.

Taking advantage of the analytical nature of the proposed
circuit model, we design an optimized structure with almost
complete power transmission at a desired frequency and high
level of transmittance over a wide frequency range. The perfor-
mance of the structure can be further enhanced by inserting ad-
ditional layers. Such an optimized design is almost impossible
by employing time-consuming conventional full-wave simula-
tion techniques.

The remainder of this paper is organized as follows. Section 11
introduces the proposed circuit model whose limitations are ex-
pounded in the next section. The designed structures and the
corresponding simulation results are presented in Section IV,
and Section V concludes the paper.

II. CIRCUIT MODEL

Here, an analytical circuit model for 2-D arrays of square
holes with nonzero thickness is proposed. Previously, equiv-
alent circuit models have been presented for zero thickness
screens of ideally conducting square meshes located in a
homogeneous host medium [18]. However, to the best of our
knowledge, no fully analytical circuit model is presented for
nonzero thickness hole arrays.

Consider a 2-D periodic array of metallic square holes filled
with a homogeneous medium with permittivity and perme-
ability represented by =2 and po, respectively. The semi-infinite
metallic structure is covered from top by a medium with the
permittivity, permeability and, refractive index of 1, 19, and
n1. The hole array periodicity in both Z and ¢ directions and
metal line width are denoted by d and W, respectively. The
structure is depicted in Fig. 1(a), and Fig. 1(b) shows the
top-view of the metallic array.

In the proposed circuit model, diagrammed in Fig. 2, the
cover medium is modeled by a transmission line with the char-
acteristic admittance and propagation constant denoted by Y;
and k., respectively. The bulk of the periodic metallic structure
is as well replaced by a transmission line with characteristic ad-
mittance and propagation constant of Y2 and /32. Moreover, the
interface between the metallic grating and the cover is modeled
by a surface admittance donated by Y. This admittance repre-
sents the energy stored in the evanescent higher order diffracted
waves excited due to the periodicity of the structure. In order to
find the surface admittance, we employ a mode-matching tech-
nique at the discontinuity plane to obtain zeroth-order reflection
coefficient from the hole array. Afterwards, by comparing the
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Fig. 1. (a) A 2-D array of square holes covered by a homogeneous medium.
(b) Top view of the hole array.

Y, Y,

Fig. 2. Proposed circuit model for the hole array shown in Fig. 1(a).

obtained reflection coefficient with the reflection corresponding
to the proposed circuit model, we can extract Y.

Assume that the structure is illuminated by a TM polarized
wave whose wave-vector is in z-z plane. The magnetic and tan-
gential electric fields of the incident wave are given by (the time
dependence of e7“* is assumed here)

Hylnc — Hlﬁijk'rm(’,i]kzz

(1a)

Hy e Tkewe dksz (1b)

weq

E.T, inc _

where H7 is a constant, w = 27 f is the angular frequency with
f being the frequency, and %, and k. are the wave-vector com-
ponents in & and £ directions and can be written as

k. = kony sin(6;) )

ko =/ kin? — k2 3)

where kj is the free-space wavenumber, and #; denotes the in-
cident angle.

Accordingly, the equivalent admittance of the cover region,
Y1, is as follows [19]:
weq

V=

4)

z
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The reflected electromagnetic wave in the first region can be
written as the superposition of the propagating and evanescent
diffracted orders as

re — ik mx ik mz
H, I= E pm Hye I 5rmEels (52)
m=0,£1,4+2,...
ref kz.m —Jke mx Tks mz
o E : pmH1 e am® Tk m (5b)
m=0,%+1,£2,... wel

where the subscript m corresponds to the order of the diffracted
wave, p,, is the reflection coefficient of the mth diffracted order,
and k. ., and k. ., are the wave-vector components of the men-
tioned diffracted order in & and Z directions, respectively, and
are calculated by the following relations:

2
higm = bg + g = 0, £1, 22, .. (6)
o\ 2
kym = — jkona (si11(97;)+m—0> —1;m==£1,+£2,...
' nid
(7)

and, for rn = 0, we use (3) instead of (7). It should be em-
phasized that the model is for the subwavelength regime (Ag >
n1d), and thus the zeroth diffracted order is propagating. As a
result, the discriminant of (7) is positive for all incident angles
and nonzero values of .

Inasmuch as metals can be deemed as almost perfect electric
conductors (PECs) in the THz regime, the transverse electric
and magnetic fields inside the square holes, when considering
the fundamental mode to dominate, read as

Ewinsids :E2 sin (%) efjﬂzz (83.)
Hyznszde = Iy B2 sin (ﬂ) e*]/jzz (8b)
Wits a

where F> is an unknown coefficient and can be obtained by ap-
plying boundary conditions, and /32 is the propagation constant
of the mode inside the hole and is obtained by

2 m\?
B = \[earz — (T) ©)
where a = d — W,
The characteristic admittance corresponding to the bulk of the
square holes is

where g = sinc? (k,(a/27)) (8a®/72d?)po is the effective
permeability of the array [20], and for k,(a/27) < 1, tegr =
(8a% /72 d? ) us.

Now, by applying the appropriate boundary conditions at the
interface of metallic hole array and the cover, i.e., continuity of
the tangential electric and magnetic fields as illustrated in the
appendix, one can find the reflection coefficient of the zeroth
diffracted order, given by (11), shown at the bottom of the page,
where

sin{mx)

sinc(z) =

(12)

T
is the Sinc function. On the other hand, the reflection coefficient
from the equivalent circuit model, depicted in Fig. 2, is given by
Vi-(a+Y) _1- g3 (h+Y))

Vi+(Ya+Y) 143 (Ya+V.)

R=—po= (13)

We can find the surface admittance between the metallic hole
array and the cover, namely Y, by comparing (11) with (13) to
yield

L wey 1

v _ 3 sine? (kg5 +m2)
s =) kony sinc? (K, 5-) 2 '
L2/ m#0 (SiIl (97) + TTL(;;—SL) -1

(14)

We verify the accuracy of the proposed circuit model through
a numerical example, in which the results of the proposed an-
alytical circuit model (implemented using MATLAB) are
compared against the full-wave simulations carried out by CST
Microwave Studio. The structure under study is illustrated in
Fig. 3(a): an array of square holes filled with silica. The metals
are assumed to be PEC, and the hole array is located on a
semi-infinite silicon substrate and is covered by air.

The parameters of the structure, when illuminated by normal
incidence, in accordance with Figs. 1(b) and 3(a) are as follows:
d= 50 pm, W =4 um, ho = 0.1 pm, n; = 1, ny = 1.9621
[21], and n3 = 3.4205 [17]. The proposed circuit model corre-
sponding to this structure is shown in Fig. 3(b) in which, Y] and
Y5 are the admittances of the first and the third regions, respec-
tively, and can be obtained using (1) by substituting the param-
eters of the corresponding region. 32 and Y3 are the propaga-
tion constant and the characteristic admittance of the hole array
and are presented by (4) and (5), respectively. ks is the physical
height of the array. Y1 and Y3 are the surface admittances at

v, O 10 the interfaces between the array and the first and the third re-
27 W fboff (10) gions, respectively, given by (14).
ke 1 x2d? B wey 1 el (A a
1 wer [sincg (km %) 8a? wpy + mz;‘o kzom sine? (km 2&7—) s1nc (]/u p + md)
Po = — (11)
ko 1 x2d2 Ba weq 1 21 a a
I+ wEL | sinc? (]ﬂ %) 8a® wus - 'mz;éo k= m sinc? (kw %) Sine (k’*U 27 + m’d)
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Fig. 3. (a) Periodic metallic hole array filled with silica, located on a silicon
substrate and covered by air, and (b) its equivalent circuit model.
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Fig. 4. Power transmission from the structure shown in Fig. 3(a), calculated by
CST (solid curve) and the proposed circuit model (dash—dotted curve).

The power transmission of the structure of Fig. 3(a) when
illuminated by a normal plane wave is plotted in Fig. 4 versus
normalized frequency (w,, = d/Ag). The results are obtained by
using the proposed circuit model (dash—dotted curve) and CST
(solid curve). As the figure indicates, the proposed circuit model
virtually coincides with the rigorous model.

The required run times of the proposed model and CST on a
PC (Intel Core2 i5-2410M CPU @ 2.30 GHz and a4 GB RAM)
are 0.1 s and 40 min, respectively which demonstrates the great
advantage of the presented model.

III. LIMITATIONS OF THE MODEL

It is obvious that the accuracy of the proposed circuit model
is limited to the frequency ranges where there is only one prop-
agating mode inside the holes, and only the zeroth diffracted
order is propagating outside the hole array.

The condition of having only one propagating mode inside
the square holes requires
Ao > V2ny (d— W), (15)
The condition of having only one propagating diffracted
order outside the hole array requires

Ao > d (Nmax + 11 sin () (16)

where 70 = max {ni, ns}.

IV. TRANSPARENT ELECTRODE DESIGN

As observed in the previous section, the simpler the simu-
lation method we use, the more efficiently we can design our
structures. Thereupon, employing the proposed circuit model,
we can design structures with specific features that enable us to
use the 2-D arrays of metallic square holes to obtain transparent
electrode. As a consequence, we represent two approaches to
attain this kind of electrodes. It should be also noted that the
metallic structure is thick so the sheet resistance is sufficiently
low and will not affected by the optical design.

A. Transparent Electrode Using Binomial Transformer

One of the most indispensable factors that should be taken
into account when contriving transparent electrodes is high elec-
tromagnetic transmission through the structure. Accordingly,
we have employed the structure shown in Fig. 3(a) with d =
110 p#m to be under normal incidence. In order to efficiently de-
sign the structure parameters, we take advantage of the standard
binomial transformer[22]. In other words, for the sake of mini-
mizing the reflection from the structure at a specific frequency,
we must set the height of the hole array as one fourth of the
guided wavelength (A, = 27 /32), and the array’s impedance is
found to be the geometrical mean of the first and the third re-
gions’ impedances at the desired frequency. By obtaining the
admittances of the first and third regions from (4), and em-
ploying (10) to achieve the admittance of the second region that
must be the geometrical mean of the two former admittances,
we obtain W = 10 pm.

It should be noticed that the normalized frequency range
is chosen such that only one diffracted order propagates
outside the grating, and the holes support only the dominant
eigenmode. In order to achieve maximum sweep within this fre-
quency range, we choose the peak on the power transmission to
happen at the middle point of the range which is corresponding
to the normalized frequency of w, = 0.72. In order to have
a maximum power transmission at this normalized frequency,
ho is obtained to be 21 pm. However, it is noticeable that, due
to the surface impedances at the interfaces between the hole
array and the upper and lower media, the peak on the power
transmission is slightly red-shifted to w,, = 0.6925.

Fig. 5 shows the power transmission of the discussed struc-
ture versus normalized frequency. The solid curve shows CST
simulation results when considering the square holes to be per-
forated in Ag slabs, and the simulation results of the proposed
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Fig. 5. Power transmission at normal incidence from the structure shown in
Fig. 3(a) whose parameters are: n, = 1, np = 1.9621, nz = 3.4205,d =
110 gm, W = 10 pm, and hz = 21 pm. The hole array height is chosen so as
to minimize the power reflection from the structure by taking advantage of the
standard binomial transformer. CST simulation results are shown by the solid
curve, and the results of the analytical model are represented by the dash—dotted
curve.

Fig. 6. (a) Structure containing a 2-D array of metallic square holes filled with
silica and two silica layers at the top and bottom of the metallic hole array,
located on a semi-infinite silicon substrate. (b) Proposed circuit model for the
structure of (a).

circuit model by assuming the hole arrays as PEC are depicted
by dash—dotted curve.

B. Tri-Layer Transparent Electrode

The other architecture that is designed to realize a transparent
electrode with a high transmission is presented in Fig. 6(a). This
scheme contains an array of metallic square holes filled with
silica with d = 110 um, and two silica layers are inserted at
the top and bottom of the hole array. Then, the whole structure
is located on a semi-infinite silicon substrate. Fig. 6(b) depicts
the proposed circuit model for this architecture in which Y7, Y3,
Y., and Y, are the admittances of the cover, the substrate, the
upper and the lower silica spacer layers, respectively. 3, and 3;
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Fig. 7. Power transmission through the structure designed in Fig. 6(a) versus
normalized frequency calculated by CST (solid curve) and the proposed circuit
model (dash—dotted curve).

represent the propagation constants corresponding to the upper
and lower spacer layers and are equal to kgno. Yy and Yo are
the surface admittances at the interfaces between the array and
the upper and lower spacer layers, respectively.

We have four design parameters in this structure: the metal
line width (W), the heights of the hole arrays (h2) and the upper
(hy) and lower (#;) silica layers. In order to efficiently mini-
mize the power reflection (Pr) over a broad frequency range,
at which there is only one propagating diffracted order outside
the grating and only the dominant eigenmode is supported by
the holes, we minimize the following cost function within the
frequency range shown in Fig. 7:

oF o10PR
B { PR7

Pr > 0.15

17
Pr < 0.15 (17

where P g is the power reflection.

We use the “fminsearch” function of MATLAB for mini-
mizing the cost function. “fminsearch” uses the Nelder—Mead
simplex algorithm as described in [23].

The optimization process quickly performed thanks to the
availability of analytical expressions for the transmission spec-
trum of the proposed circuit model.

We numerically find W = 10 pym, hs = 10 pm, b, =
6.9 pm, and h; = 10.3 pm as the optimized structure dimen-
sions. The power transmission through the optimized structure
versus the normalized frequency is plotted in Fig. 7. The figure
shows the simulation results of CST (solid curve) by using Ag
hole arrays, and the proposed circuit model (dash—dotted curve)
by assuming PEC square holes.

As illustrated in this figure, the structure has an almost com-
plete power transmission at the normalized frequency of 0.7049.
The results also provide evidence to support the claim that the
presented structure shows a high level of power transmission
(more than 85%) within the normalized frequencies of 0.544 and
0.886 (48% of the central frequency). When compared with the
structure proposed in [17] which shows a power transmission of
more than 85% within almost 7.5% of the central frequency, the
presented optimized structure shows a distinct advantage.

In order to quantify the conductivity of the structure, the con-
cept of sheet resistance is called upon. It is a known fact that
the electrical resistance of the block of length L, width W, and
thickness ¢ is as follows:

R= (18)

-+
I
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Fig. 8. Simple resistive network that models the electrical resistance of each
unit cell of the designed transparent electrode.

where p denotes the homogeneous resistivity of the material.
The sheet resistance of the same structure is defined as [24]

W
Ry =R—.
I

(19)
Finding the sheet resistance of the unit cell of our designed
transparent electrode is not that much straightforward. First, it
should be noted that the overall electrical resistance of the unit
cell when the current flows within the plane of periodicity of the
unit cell is to be found via the simple resistive model shown in
Fig. 8, where R; and R, are as follows:

p W
R, = 20
Y, d (20)
p d—2W
R,o=" 21
27 e W @D

where d, w, and hs are shown in Figs. 1(b) and 3(a).
The overall electrical resistance of the unit cell can then be
written as

p (ﬂ d—2W> @

Ryc = — 7 + ST

Since the electrical resistance of a block whose width and length
are equal to each other is no different from its sheet resistance,
and since the width and length of our unit cell are equal to each
other, the sheet resistance of the unit cell is no different from
Ry in (22). Thanks to the rather large thickness of our pro-
posed transparent electrode (2 = 10 pum), its sheet resistance
is as small as 0.007444 /7. In contrast, the sheet resistance
of the structure presented in [17] is 0.762 €2/00. Fortunately,
achieving a smaller sheet resistance via our proposed method is
not bought at the expense of losing transparency.

V. CONCLUSION

We proposed an analytical circuit model for 2-D arrays of
metallic square holes in order to employ these metamaterials
to attain transparent electrodes in terahertz regime. In this cir-
cuit model, the bulk of the hole array is replaced by a simple
admittance, and the interfaces between the hole array and the
homogeneous medium are modeled by a surface admittances
which are obtained by employing a mode-matching technique

and then comparing the reflection from the structure to the re-
flection coefficient from the assumed circuit model. The simu-
lation results of the introduced circuit model are in almost com-
plete agreement with the full-wave simulations performed by
CST. Accordingly, not only can we simulate the existing archi-
tectures containing this kind of metamaterials in a very shorter
time compared with the prevalent techniques, but also we can
take advantage of this analytical model to design efficient con-
figurations that can be used as transparent electrodes or other
required contraptions.

Under these circumstances, we have designed a structure con-
taining 2-D metallic hole arrays to be used as transparent elec-
trode by taking advantage of standard binomial transformer de-
sign. Moreover, a tri-layer structure has been designed by using
numerical optimization algorithm that shows a power transmis-
sion of more than 85% within a wide range of frequencies (48%
of the central frequency) which is sufficiently wideband for ap-
plications such as solar cells and LEDs. It is noteworthy that
we can further increase the desired bandwidth by inserting ad-
ditional layers.

APPENDIX

As stated in Section II, the mode-matching technique is used
to apply the continuity of the tangential electric and magnetic
fields at the discontinuity plane at z = (). Here, we present the
detailed derivation of (11).

Accordingly, continuity of the tangential electric field over
the entire unit cell at z = 0 requires that

vd pd k.
e
Jo W51

A’Z'Nl7

m=0,£1,£2,.

/ / Egbln )eﬂ'“‘TddeJ

It should be noted that electric field are multiplied by ¢7*=»®
and then the integral is taken over the entire unit cell. If p = 0:

—iku ik

dzdy

(A1)

Fy 202 we; sin (kr%)

7 9 a
ko d

H) nd? k.

1—po = (A2)

Otherwise, p # 0 yields to
py = — P2 207 wey sin (ke p3) (A3)
P Hynd? k., Fk.p%

Along the same line, continuity of the tangential magnetic
field over the hole’s location and at z = 0 requires that

/ / Hye ke Tqm( )(]Tr]y
a
/ / pr Hye K m® Sln( )d?du
0 JO = Oil ,E2,. @

/0 /0 (7) dzdy.

(A4)
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221 iy 2 (lwz”—7T + m%)

z,m

1 ke 1 2242
wel <‘.1n(‘-(k %) 8a? wp
po = —
k. 1 x2d2 3
14 ke i
+ wey bmcz(k %) 8a? wiis

(A8)

o+ X psine? (ke s+ mg)

m

Hence

2a2 | sin (k %) sin (kT m %)

H— 1 m—————
! er (+p0+zp krm;
m=#0
8 2
-2 (A5)
wis 2
Substituting (A3) into (AS), we have
k2
(14p0) =7 —+ 25+
H1 sin (k 5)
. 2
™ ﬁ2 + Z 2&2 weq S (l‘wm%)
4 ] 7Td2 k:.m A/.L m;
m#0
(A6)
Dividing (A6) by (A2) gives
2
ey sin(ke,103)
1 —+ 20 _ m;é(] -
1- Po qln(k‘T %) 2
(A7)

Consequently, the reflection coefficient of the zeroth diffrac-
tion order pg is obtained as (A8), shown at the top of the page.
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